Perturbative techniques are important for modified theories of gravity since they allow to calculate deviations from General Relativity, in principle observable, without recurring to exact solutions, which can be difficult to find. In this work, we implement a perturbative framework that is suitable for the comparison of solutions in these theories with solutions of General Relativity, by following the guidelines of perturbation theory constructed in the latter. This framework involves the ideas of the perturbative constraints method, where the coefficient of the additional term in the action is used as expansion parameter for the quantities of interest. By using this formalism, we show that the resulting f (R) perturbation theory in vacuum is equivalent to the corresponding perturbation theory in General Relativity. From this result, we argue that there are fundamental limitations that explain why the solutions of some f (R) models can be disconnected from their general relativistic counterparts, in the sense that the limit that leads from the f (R) action to General Relativity does not transform the solutions accordingly.
Introduction
The possibility that General Relativity (GR) is not the ultimate theory of gravitational phenomena has been considered from a variety of theoretical and observational arguments. Modifications of GR such as scalar-tensor, tensor-vector-scalar, and higherorder derivative gravity theories, offer an explanation for different facts that have been regarded as shortcomings of GR; for example, the cosmological accelerated expansion could be explained with higher-order theories, without resorting to exotic sources. Among the different alternatives, f (R) modified gravity (see [1] for a review) stands out in this context for a number of theoretical properties such as the absence of instabilities ‡ On leave from Universidad de los Andes. arXiv:2001.10683v1 [gr-qc] 29 Jan 2020 and the relative freedom to describe different behaviors in cosmology and astrophysics [2] .
It is important to search for exact solutions in modified theories of gravity such as f (R) models. For example, to find spherically symmetric solutions is very interesting since it allows comparisons between them and the well-known Schwarzschild one, and the resulting differences can be constrained from observations. However, the construction of solutions is a hard task and only some exact (and vacuum) ones are known in f (R) gravity (some examples can be found in [3, 4, 5] ). In this context, perturbation theory approaches become important since they allow to find more realistic solutions starting from the known, exact ones. Different perturbative approaches have been developed for modified theories of gravity, and they follow closely the approaches devised for GR given that they are relativistic theories for most cases. A very useful example of obtaining and understanding solutions in this framework was introduced by Capozziello, Stabile and Troisi for the spherically symmetric case [4] , in which the metric is split between a background solution plus a perturbation, and the corresponding equations for the dynamics of these parts are obtained from the f (R) field equations, in a similar way than the GR case. Although this approach permits to obtain solutions in a relatively straightforward way, issues like the gauge invariance of the results and the definiteness of the perturbative scheme are not easy to consider.
In this sense, an alternative to this scheme is the approach of perturbative constraints initially proposed in [6, 7] , and further developed in [8] , for the analysis of higher derivative theories such as the f (R) models. Broadly speaking, this method considers additional, higher derivative terms in the action as perturbations, and defines the perturbative expansions in terms of the constant coefficients of such terms. This approach has been used in cosmological [9, 10, 11] and astrophysical settings [12] , leading to interesting results such that the additional degrees of freedom introduced in higher derivative theories such as f (R) models are absent in a perturbative sense. In spite of the fact that the perturbative constraints method provides a well-defined perturbative scheme to consider theories such as f (R) models, the issue of gauge invariant quantities is still unsettled. Our work addresses this situation by establishing a formalism able to undertake these questions and by studying its implications in the vacuum case. The important problem of the construction of a perturbation theory in terms of gauge invariant quantities is considered in an upcoming paper [13] , although some relevant points regarding this matter are briefly discussed below.
Specifically, in this work, following Bruni and coworkers [14] , we implement an approach where Modified Theories of Gravity (MTG) and GR can be compared in a similar way than general relativistic perturbation theory, with results that are suitable to compare GR (or another MTG) with Newtonian gravity through approaches such as the Post-Newtonian approximation. Our goal is to obtain a powerful way of comparing vacuum field equations and solutions for f (R) MTG with their GR counterparts, hoping that such formalism can be used, in a future work [13] , to properly study issues such as the gauge problem in perturbation theory for this MTG. In this paper, we restrict this framework to models of the form f (R) = R + λΨ(R), where Ψ is an analytic smooth function. Within this context, it is proven what we consider to be our main result: namely, that f (R) vacuum perturbation theory, defined following the principles of the perturbative constraints framework, is completely equivalent to the usual perturbation theory in General Relativity. From this proof, it is argued that perturbative solutions are unable to capture the additional features introduced by f (R) gravity, so different methods or conditions beyond our theorem are to be implemented to reach the full set of f (R) solutions from a general relativistic one. We must note that our results do not require any particular symmetry, so they are of interest for current important applications of f (R) models such as gravitational waves.
Our work is organized as follows: in section 2 we give a brief review of f (R) gravity to state our notation and conventions. Afterwards, in section 3 we rederive and discuss some known results regarding the cases with constant scalar curvature and with spherical symmetry to further motivate the results below. In section 4, we discuss the mathematical rationale behind the perturbation theory that we consider in this work; some examples in this context are examined in section 5. In this section we also state and prove the theorems relating vacuum perturbation theories for f (R) MTG and GR. Finally, in section 6 we discuss our results in the context of previous works and outline some of their consequences. Section 7 we give some concluding remarks.
f (R) Modified Theories of Gravity
In what follows we assume, in the same way that GR, that space-time is described by the pair (M, g µν ), where M is a Haussdorff and paracompact four-dimensional manifold and g µν is a Lorentzian metric with signature − + ++ on M . The field equations for g µν can be obtained from the variation of the action:
where
accounts for a generalization of the Einstein-Hilbert term through a general function f (R) of the Ricci scalar, whereas the second term corresponds to the matter fields (c = 1). S B is the corresponding boundary term (see [15] for more details). In the context of the (metric) variational principle for this f (R) MTG action, g µν is a solution of the field equations,
where f (R) ≡ ∂f /∂R, T µν is the energy-momentum tensor that describes the matter distribution, R ≡ R µν g µν is the curvature scalar and the Ricci tensor is R µν ≡ R µρν ρ .
The Riemann tensor in a local coordinate basis is given by
where Γ σ µρ are the Christoffel symbols which can be derived from the metric tensor through the expression:
Finally, f : R −→ R is a free function which we consider to be C ∞ and analytic. These constraints could be weaker but we need them in order to have well-defined Taylor expansions. Notably, if f (R) = R, we recover Einstein's gravity without a cosmological constant.
We denote with G µν , the geometrical sector of the Einstein field equations, and with Σ µν , the tensor that represents the geometrical sector for the equation (2) . That is,
It is worth-noticing that the f (R) field equations (2) are equivalent to a set of non-linear fourth-order partial differential equations on the metric components g µν . Therefore, they require a boundary specification of the metric and their first three derivatives to determine a solution. This requirement evidently contrasts with the GR case, where only boundary data for the metric and its first derivatives are required. This fact will have important consequences when considering GR as a limit of f (R) MTG, as discussed below.
Some results for vacuum and spherically symmetric field equations
In this section, we show some analytical results concerning vacuum and spherically symmetric field equations, which allow us to obtain analogous expressions for results widely known in GR. Firstly, we assume a space time with a constant and uniform Ricci curvature R = R 0 . Proof: If we have a constant and uniform R = R 0 , then f (R 0 ) and f (R 0 ) are also constant and uniform, thus ∇ µ ∇ ν f (R) = 0, 2f (R) = 0. In this way, the field equations and their corresponding trace are, in vacuum
(i) Then, if R 0 = 0, f (R 0 ) = 0 because of (6), replacing this equation in (5) we have R µν = 0, which corresponds to GR without cosmological constant.
(ii) If R 0 = 0, then f (R 0 ) = f (R 0 )R 0 /2 by (6) . Thus, given (5) , we have
or, considering that f (R) = 0,
which corresponds to the GR field equations with cosmological constant Λ = 1 4 R 0 . .
If the case f (R) = 0 is considered, then the equation (6) implies that f (R) is also zero and, by equation (5) , no field equation exists. The only information of the system is present in the Ricci scalar. In this case, the variational principle would be an ill-defined approach to obtain field equations.
It is interesting to consider this result from the point of view of boundary conditions for the differential equation (2) . As we mentioned before, this system consists of fourth-order differential equations, hence, its solution requires the specification of the second-and third-order derivatives of the metric on the boundary. This requirement is equivalent to demand boundary conditions for the Ricci scalar and its first derivative. Therefore, the constant value R 0 that we considered in Theorem 1 must comply with the respective boundary conditions, and in this way, we can interpret the cosmological constant as a parameter determined by boundary conditions, as some authors have suggested [16] . Now, let us consider the static, spherically symmetric case. The trace of (2) leads to the following expression for the D'Alembertian of f (R):
where T is the trace of the energy momentum tensor. Replacing this result in (2) and simplifying, a new version for the f (R) vacuum field equations (2) is obtained:
It must be noted that this equation leads to the GR field equations when f (R) = R. Explicitly, replacing this form for f (R) (and f (R) = 1, a constant) in (9) we obtain:
This equation is equivalent to Einstein field equations, which can be shown as follows: the trace of (10) leads to the relation
which already agrees with GR; furthermore, replacement of this result for T in (10) leads, after a simplification, to the Einstein field equations
In what follows, we focus on the vacuum version of (9), namely:
A general static and spherically symmetric metric for a pseudo-Riemannian manifold, where the radial coordinate r is defined as the areal radius, can be written as [17] :
Now, by inserting this expression in (13), we obtain,
where˙≡ d dr . If we consider the following combination of equations,
The right-hand side of the last equation is zero for GR and it reduces in this case to the standard equation that leads to the Schwarzschild solution. Although some authors (for example in [18] ) propose particular f (R) models to cancel out this factor of Eq. (15) in order to obtain exact solutions within spherical symmetry, it is quite difficult to obtain this kind of solutions for relevant general proposals. Given this situation, a variety of perturbative schemes has been devised in order to obtain corrections to exact solutions such as the Schwarzschild metric. Some of these schemes, as discussed above, are based on considering f (R) functions that can be written as the Einstein-Hilbert function R plus a correction which is small because of a coefficient
One then considers that all quantities of interest can be expanded expanded as power series on λ. This is the so-called perturbative constraints approach. Our work is framed in this line of development, as we will show in the following sections; however, it is relevant for our future discussion to mention another possibility, that the metric elements themselves can be considered as associated to a background solution plus a quantity regarded as a small perturbation, so that
. This is the approach followed by Capozziello, Stabile, and Troisi [4] . With these possibilities in mind, we construct a general scheme, following [14] , to implement a perturbation theory for f (R) theories in a precise mathematical form in the following section.
f (R) Perturbation Theory
Most theories in nature can be modeled with a system of ordinary or partial differential equations; however, we do not have a general method to obtain general solutions for all of them. As we illustrated above, for f (R) MTG, when the function f is not linear we have field equations in terms of non-linear fourth-order partial differential equations, whose exact solutions are known only for some specific functions f and special symmetric conditions [19] . Furthermore, in some cases of interest in which we do not know the exact solution in f (R) MTG, it is not possible to compare with GR nor suppose that the solutions are 'close' to each other if f (R) is 'close' to R. For example, let us suppose that we have two theories like f 0 (R) = R and f λ (R) = R + λR 2 , which correspond to GR and the Starobinsky model [20] , respectively. If λ = 0 we recover GR, and it can be expected that if g λ is solution of the model f λ , this solution tends to a GR solution when λ tends to zero. Nonetheless, this assumption is not always correct as shown by explicit examples [21] .
We appeal to the essence of perturbation theory in GR to construct a framework that allows for comparisons between solutions in f (R) MTG and GR. Let us consider a 4+1 dimensional manifold N which is foliated by space-time manifolds M λ . Therefore,
In each slice M λ we have a metric g λ which is a solution of some model of gravity, whereas in M 0 we have a metric g 0 which is a GR solution. In this context, we suppose that N is well defined and constitutes a cobordism between the manifolds M 0 and M λ . The necessity of this construction will be explained in short. We suppose that different models of gravity are linked continuously by the value of λ. As an example of the latter in f (R) MTG we can point out the Starobinsky model, f (R) = R + λR 2 .
In more precise terms [17] , we consider a generic field equation
here, g 0 is a exact solution of E 0 together with a stress-energy source τ 0 , and constitutes the so-called background. Now, we suppose that we can build a one-parametric family, continuous, differentiable and analytic of exact solutions g λ , such that
where E λ are the field equations for the perturbed theory, for example MTG, and g λ is the metric solution for such model. It must be noted that we allowed a dependence of the stress-energy tensor τ on λ by writing τ λ , which is motivated mainly by two considerations: firstly, this tensor depends implicitly on this parameter through the metric g λ , and, more importantly, to consider models where the corrections to the field equations can be regarded as effective corrections to the stress energy tensor [19] . Figure  1 summarizes this geometrical construction. In the context of f (R) MTG, it is important to note, recalling the discussion of the previous section, that the class of field equations described by E λ is to be supplemented by a set of boundary conditions, which are to be imposed even for λ → 0. The unperturbed solution might not satisfy such boundary conditions since the corresponding equations do not involve the higher order derivatives. This issue is known as the presence of boundary layers which condition the possible solutions for λ → 0. In fact, as illustrated by [21] , the resulting g 0 is not a solution of Einstein's equations (which are the λ → 0 limit of Starobinsky model's field equations), but it is a metric with pathological features such as non-differentiability and a discontinuity, all of them induced by the boundary layer present in the problem. This issue reflects the problems involved when obtaining limits of spacetimes [22] and needs to be considered when constructing a perturbation theory around the background solution g 0 .
Following the structure of GR perturbation theory, we suppose a smooth and analytic tensor field T on N and we want to compare tensor fields T λ on M λ with T 0 on M 0 through N . With such objective, we are going to map elements on M λ with elements on M 0 , this mapping is implemented with a flow X λ : N → N , such that it is generated by a vector field X, which is transversal to each submanifold M λ and rotationless. In a specific chart we can choose the coordinate X 5 to be a constant; nevertheless, it must be remarked that X can be arbitrary except for the requirements aforementioned. Within this construction, we can expand the pull-back X * λ T of the tensor field T around λ = 0 with a Taylor expansion, which is defined in terms of the Lie derivatives along X of the tensor fields of interest, see [14, 23, 24] :
where £ k X T denotes the k-th Lie derivative of the tensor field T along the flow generated by X. Assuming that any tensor field has an expansion of the form (17), we provide the basis for the perturbative constraints method, since the truncation of the series at some order n provides approximations for the quantities of interest of the theory. It must be remarked that the expansion parameter is the same one that multiplies the correction to the Einstein-Hilbert action. This fact has profound consequences in the framework of perturbative constraints [8] that will manifest in our results, as we discuss below.
If we denote the Taylor expansion X * λ T ≡T and use the abbreviation T ≡ £ k X T for the Lie derivatives, then we havē
At this point, with the geometric tools introduced, we can further discuss the necessity of the manifold N . Recalling previous work in perturbation theory by Bruni and coworkers [14] , the usual construction involves flows which are defined within the four-dimensional manifold M . These flows are thus automorphisms on this manifold and, by general covariance, must keep invariant the field equations of GR. However, since we are comparing a f (R) theory with GR and they have different field equations, the flow X that links them must be a diffeomorphism which acts on a dimension apart from the usual space dimensions. From this analysis, general covariance can be stated in this context as diffeomorphism invariance within each slice M λ , and we expect that transformations involving the additional direction are outside the range of validity of this principle.
Another important point that can be considered within the implemented perturbation theory is the gauge freedom of the second kind [25] . It can be summarized as follows: we have different ways to identify points in M λ with the background; in other words, there are infinite gauge choices X. When we bring tensor quantities to the background from different gauges, they do not always remain invariant. One possible condition to guarantee the invariance is that the quantities remain invariant order by order in perturbation theory. This is known as the generalization of the Stewart and Walker lemma (for details, see [14, 24] ) and will be very important to establish the gauge invariance of our results, as shown below.
Relation between f (R) MTG and GR perturbation theories
In this section we state and demonstrate the main result of this work: the equivalence of f (R) and GR perturbation theories in absence of matter for a specific class of f (R) models.
LetP andQ be two tensor fields such that they have an associated expansion of the form (18) , that is,
Immediately, it can be shown that,
Thus, the n-th term of the tensor productPQ is written as
Using this result in the geometrical sector of f (R) MTG field equations:
we introduce the following expansions,
and the identity (see [17] )
Together with the property (27), we can make the following expansion:
We have ∇ a
g bc = 0 in the background, then
C µν δ = 0. With these results, we can obtain the n-th term of the geometrical sector of the field equation expansion:
With this expression, we can now consider a particular f (R) model and study their consequences in the vacuum case. Firstly, we explore the model f (R) = R + λR 2 , and then, we generalize to the model f (R) = R + λΨ λ (R). It is important to remark that we assume that these models are exact, so we are not neglecting further terms in the action that could produce inconsistencies in our perturbation theory [8] .
f (R) = R + λR 2 case
For the model f (R) =R + λR 2 , we have f (R) = 1 + 2λR, whereR = (0) R +λ
and
(0) f = 1 for n = 0 (35)
Proof: As we know,R =R αβḡ αβ and by equation (22) we have
but, if (i) R αβ = 0 for all i = 1, . . . , n − 1, all terms vanish except one, and we obtain the desired expression
Theorem 3. LetΣ ab = 0 be the vacuum field equations for f (R) MTG in the model f (R) =R + λR 2 , thenΣ ab =Ḡ ab in vacuum.
Proof: We first show that (n)
G µν by induction. We first consider the following cases:
Replacing (33) and (35), it follows that the terms involving the Laplacian and the double covariant derivative vanish:
By taking the trace of this equation, and using the vacuum assumption, we obtain 
Because of the n = 0 results we have 
An straightforward calculation of the trace and using Lemma 2 imply that 
Now, we replace (34) and (36) in the term n + 1
Now, we introduce the induction hypothesis, i.e. we use 
If we take the trace again, G µν and, therefore,
Finally, we have obtained that the asymptotic expansions of these two tensors coincide, which indicates that they differ at most in singular terms on λ, which will be discussed below. Ψ +λ
Case
also (0) f = 1 for n = 0, (47)
The n-th term
R plus a combinations of terms with derivatives of Ψ with respect to R and different orders of the Ricci scalar (i) R for i = 0, . . . , n − 1. In the same way, the n-th term of (n) f is a combination of products with the Ricci scalar in different orders (i) R for i = 0, . . . , n − 1. Proof: Again we proceed by induction. We have at zero order
whereas at first order,
If Ψ(0) = 0, we have
Now, we suppose that the n-th order case is satisfied. Taking the trace in the equations for i = 1, . . . , n. In the case n + 1, we have, from formula (32), (n+1) 
G µν + · · · =Ḡ µν (54) Therefore, we have found again that the asymptotic expansions forΣ µν andḠ µν are the same, which indicates that these two tensors differ at most in singular terms on λ. Furthermore, in the context of perturbative constraints, these results indicate that the approximations for the vacuum f (R) field equations are equivalent to the approximations that could be done in GR, so, within this perturbative scheme, the MTG will not introduce any modification to the GR findings.
Regarding the gauge freedom of perturbation theory, mentioned above, it is important to be aware that results such as the theorem just proved could be gauge-dependent in general. However, in this case, we are comparing theories in the vacuum, that is, Σ(λ) µν = 0 in each slide labelled by λ. This assumption is very important for our results since it allows us to disregard the gauge freedom problem by virtue of the generalized Stewart-Walker lemma. This lemma implies, for a Σ µν which vanishes in the background, that for any two different gauges X and Y ,
Σ Y for any order n. The case of a non-vanishing energy momentum tensor T µν = 0 involves the construction of gaugeinvariant quantities which are non-trivial and, therefore, it must be studied separately [13] . Nevertheless, in the following section, we discuss some remarks regarding this issue and its relation with the results here presented.
Discussion
In this work, we have constructed a perturbation theory for f (R) gravity, applying the principles of perturbative constraints and following the guidelines proposed by Bruni and coworkers [14] . Although they already established that their formalism is equally applicable to any relativistic theory of gravity, we implemented their proposal explicitly for f (R) models and supposed from the beginning that the comparison is to be made with GR. The introduced formalism can provide a foundation to approach further problems in relativistic perturbation theory such as the construction of such a theory in terms of gauge-invariant quantities. It is also relevant to note that our proposal is an alternative to the framework introduced by Capozziello and coworkers [4] with some advantages: we have obtained corrections at higher orders and, more importantly, we do not require spherically symmetric spacetimes, therefore we can reach a larger domain of applicability for the formalism. Now, having discussed some features of our perturbational scheme, we should make some remarks with respect to the main result of this work; namely, the equivalence of f (R) and GR perturbation theories in vacuum. Let us restrict ourselves to the spherically symmetric case reviewed before, in which the GR solution is the Schwarzschild metric. Our theorem implies, in this context, that f (R) perturbation theory in vacuum will recover this metric as a solution. The fact that the Schwarzschild metric is a solution in many f (R) models has been known in the literature through different methods, and it has even been argued that the Schwarzschild metric is the only black hole solution for a large class of f (R) functions [26] . One interesting consequence of our results within this framework is that we expect no effect on PPN parameters in the exterior of spherical masses in vacuum due to f (R) corrections, which is interesting from an observational point of view. In this context, it is remarkable to note that there are spherically symmetric solutions apart from the Schwarzschild solution in different f (R) models. As an example, we recall [21] , where the Starobinsky model, f (R) = R + λR 2 , is considered and spherical symmetry is introduced as described above to study the exterior of a compact object. In this case we have that the field equations take the form 2λrR − (η +α)(1 + 2λR + λrṘ) = 0, (55)
where Eq. (55) is obtained from (15), Eq. (56) is obtained from the trace equation (8), and Eq. (57) is the expression for the Ricci scalar in terms of the metric functions. Equation (56), when divided by λ, resembles a harmonic oscillator equation
If λ is negative and tends to zero, for some appropriate initial conditions, we expect oscillatory solutions with a high frequency. However, a negative λ violates the local stability criterion [19] . Now, when λ is positive and tends to zero, we do not have oscillatory solutions, but solutions involving increasing/decreasing exponentials. These solutions are not expected to reduce to the Schwarzschild solution when λ tends to zero.
In fact, if we return to Eqs. (55) and (56), and let λ to tend to zero, then we recover equations that lead to the Schwarzschild solution; namely,η +α = 0 and R = 0. Thus, all the information with respect to the derivatives of R is washed out. However, the boundary conditions regarding R and its first derivative are still present in the problem and it is expected that the λ = 0 solutions would violate such boundary conditions in many cases; this phenomenon is known as a boundary layer for the perturbative problem.
In this concrete example [21] , solutions are obtained, through the method of matched asymptotic expansions [27] , for spherically symmetric spacetimes outside a relativistic star; the solution for R does not vanish, and includes decreasing exponential factors of the form H exp[− C/6λ(r − R s )], where C and H are integration constants and R s is the radius of the star. This form is to be expected from (57), as discussed before. When analyzing the limit λ → 0 of this solution, it is found that the exponential factor tends to zero and this suppresses any behavior of the solution, recovering the R = 0 behavior of GR except at the point r = R s , where boundary conditions are imposed for the solution which must be respected even for λ → 0; this implies that the limit spacetime of f (R) solutions is not a solution of GR. One possibility to remedy this issue is to impose boundary conditions that resemble GR behavior; namely, R = 0 on the boundary at r = R s in this case, but obviously this supposition excludes a large space of solutions which are acceptable from the point of view of f (R) MTG; furthermore, it demands to involve the GR metric when defining the problem of finding solutions for f (R) gravity, which is awkward from a mathematical point of view. The described behavior indicates that there are solutions for f (R) MTG field equations that are disconnected from their GR counterparts, in the sense that they can not be linked perturbatively with the latter in the framework of perturbative constraints. In other terms, our theorem implies that if g 0 is a solution of the Einstein field equations in the vacuum, then it is also a solution for f (R) modified gravity field equations in f (R) = R + λΨ(R) in vacuum; however, this is not the unique solution of the system, there can be another solution in this model which may not have as limit g 0 when λ tends to zero. This implies that solutions different to GR solutions are disconnected from these solutions through λ in these cases. As an additional example we can note that there are models where the Schwarzschild metric is not a solution but the corresponding solution is connected to the GR one, such as in the case f (R) = R 1+λ . The corresponding solution was provided by Clifton and Barrow [3] . Here the solution tends to the Schwarzschild solution when λ goes to zero. Our theorem can not be applied in this context since the function in the action is not of the form f (R) = R + λΨ(R) clearly; thus, we can not use our perturbative technique in this kind of model. However, it is important to note that additional solutions to the Clifton and Barrow one are to be expected by virtue of the freedom in the additional boundary conditions of higher-derivative theories and these solutions could be nonconnected. To show study this case, another technique must be used in addition to the described ones.
Vacuum GR solutions
It could be argued that any f (R) solution, disconnected from the corresponding GR one in the sense of perturbative constraints, should be discarded since it does not reproduce observations that support the latter; furthermore, if all the solutions for an specific f (R) model fail to be connected, one would be tempted to believe that such model is not acceptable as a description of gravity. However, this reasoning entails a strong requirement for acceptable solutions that could be too demanding. It is natural to accept any solution which agrees with data up to the uncertainty range of the measurements, and, in this way, even disconnected solutions can be accepted. We must remind that f (R) theories of gravity have associated four-order partial differential equations and therefore, we need information of the first, second and third derivatives of the metric on the boundary (or the metric and the connection in the Palatini approach), and this information implies the presence of new degrees of freedom that may disrupt the perturbative connection of the f (R) solution with the GR one.
It is important to note that the results previously presented can be understood as a lack of effects beyond GR at any order at perturbation theory. In fact, the structure of the inductive proof of Theorem 3 indicates that there is some sort of deferment of the new effects to higher orders in perturbation theory. Concretely, at any order we have that the new effects are multiplied by λ, so they correspond to the following order. An essential feature to obtain this behavior is that the parameter accompanying the correction Ψ(R) is the same parameter that defines the perturbation expansion, which is an essential feature of the perturbative constraints approach. There are explicit examples within this framework [10, 11, 12] that show that the absence of effects beyond GR does not occur in presence of matter; specifically, solutions have a non-trivial contributions from λ terms, even though there are no new degrees of freedom in addition to the GR ones. An instructive example of the differences between the vacuum and non-vacuum cases is given in ( [9] ), where the cosmological inflation implemented with the Starobinsky model is studied in the context of perturbative constraints. In this work, it is found that no inflation can proceed in the absence of matter, excluding the possibility of a modified gravity source for the accelerated expansion within this model. In addition, it is shown that the presence of matter, in terms of a dark energy fluid, induces a new form for the metric which depends on the perturbation parameter λ in a non-trivial way. Such results can be regarded as a concrete realization of our theorem with respect to the vacuum case, as well as a counterexample for any attempt to extend our theorem to the non-vacuum case in an analogous form.
Any approach devoted to extend our results to the matter case will have to include additional restrictions on the possible theorems, in addition to a proper discussion of the possible gauge-invariant quantities that are relevant for that case. The corresponding formulation of a perturbation theory in terms of gauge-invariant quantities has been addressed by us in an upcoming paper [13] , as mentioned before. To summarize its results and their relation with the findings of the present work, let us remark that the construction of the gauge-invariant variables follows closely the corresponding process of GR (see [28] for a review), and the main differences arise from the structure of the f (R) field equations, which is clearly more complicated. The resulting formalism is applied to cosmology, obtaining equations that could be used to study problems such as large-scale structure and cosmological magnetic fields. For the time being, let us emphasize that such formalism constitutes an excessive complication for the scope of this paper, since the generalized Stewart-Walker lemma guarantees that the perturbations involved in our theorems are gauge-invariant by themselves. In addition, the matter case, where the construction of gauge-invariant quantities is more complex, is not relevant in this context since we already know that our theorems are not satisfied in such case, as argued above.
In a related sense with the previous remarks, we can provide some insight into the presence of non-trivial effects beyond GR by studying the implications of the negation of Theorem 3. Namely, we can suppose that there are differences between the perturbation theories of some f (R) model and GR; therefore, one of the following possibilities must be true:
(i) There is matter in the case under study.
(ii) The perturbative expansions used have a different form from the one used in perturbative constraints, which is analytic on λ.
(iii) The function f (R) is not of the form R + λΨ(R).
In addition to the situation discussed above, the first possibility can be understood as that matter captures the additional degree of freedom introduced by the f (R) model; in fact, our results can also be summarized as that GR perturbation theory in vacuum can not introduce the additional degree of freedom associated to the f (R) scalaron. Similar results are known in quantum theory of higher-derivative theories [29] . With respect to the second possibility, we must note that this is the relevant case for a problem with boundary layers such as [21] . Actually, the matched asymptotic expansions method takes into account the boundary conditions by employing expansions on the so-called fast variables, which diverge as λ tends to zero. This is the reason behind that solutions different from Schwarzschild can be obtained even in a perturbative setting. Other alternatives in this context would be that the parameter that multiplies the additional term in the gravitational action is not the same parameter that defines the perturbative series; as examples of this approach we can count [30] , in the context of gravitational waves, and [31] , which studies the perturbations of Kerr black holes. Finally, our third possibility can be important for cases like Clifton and Barrow solution [3] , where the function f (R) is not of the form required by our theorem, as remarked before. Finally, an important feature of our results that must be noted is their generality with respect to symmetries. Therefore we can apply it to problems beyond spherical symmetry, such as spacetimes with gravitational waves. We leave for future work the study of the implications of our method and results for this setting, as well as the problem of the construction of gauge invariant quantities in this context.
Conclusions
In this work, we constructed a method to compare solutions in modified theories of gravity with General Relativity solutions, and with it, we implemented a perturbational scheme, based on the perturbative constraints method, to construct the solutions in such theories as corrections to General Relativity results; such scheme generalizes previous research and opens up the possibility of studying issues such as the gauge invariance of the calculations. We used the proposed formalism in the case of f (R) modified gravity; in particular, for the model f (R) = R + λΨ(R) in vacuum. Within our assumptions, we proved that vacuum perturbation theory in the considered f (R) models is completely equivalent to General Relativity perturbation theory, therefore perturbative corrections to solutions to the latter are not to be expected within the conditions of our theorem. The implications of this result and its connection with previous research in the literature were discussed.
